In this paper we briefly present our works on the relic gravitational waves (RGW) and the CMB polarization in the accelerating universe. The spectrum of RGW has been obtained, showing the influence of the dark energy. Compared with those from non-accelerating models, the shape of the spectrum is approximately similar, nevertheless, the amplitude of RGW now acquires a suppressing factor of the ratio of matter over dark energy ∝ Ω m /Ω Λ ∼ 0.4 over almost the whole range of frequencies. The RGW spectrum is then used as the source to calculate the spectra of CMB polarization. By a two half Gaussian function as an approximation to the visibility function during the photon decoupling, both the "electric" and "magnetic" spectra have been analytically derived, which are quite close to the numerical ones. Several physical elements that affect the spectra have been examined, such as the decoupling process, the inflation, the dark energy, the baryons, etc.
Introduction
The existence of gravitational waves is a major prediction of General Relativity that has not yet been directly detected. On other hand, inflationary models predict, among other things, a stochastic background of relic gravitational waves (RGW) generated during the very early stage of expanding universe. [1] − [7] Therefore, the detection of RGW plays a double role in relativity and cosmology. For a number of gravitational detections, ongoing or under development, the spectrum of RGW represents one of their major scientific goals. However, the current expansion of the universe has been found to be an accelerating one, probably driven by dark energy. This will have important implications on RGW and its detections. As is known, the cosmic background radiation has certain degree of polarization generated via Thompson scattering during the decoupling in the early universe. [8] − [11] In particular, if the tensorial perturbations (RGW) are present at the photon decoupling in the universe, then magnetic type of polarization will be produced. [12] − [25] This would be a characteristic feature of RGW on very large scales, since the density perturbations will not generate this magnetic type of polarization. Besides the generation of linear polarization, the rotation of linearly polarized EM propagation by RGW has also been first studied in Refs. [26, 27] , and WMAP polarization data has already been used to constrain the effect in cosmological distance to 0.1 rad, which is important for fundamental physics. For both theoretical and observational studies, it is necessary to examine the effects of the dark energy on RGW and on CMB anisotropies and polarization. In this talk I shall present our calculational results on these issues.
First I will present briefly our result of the spectrum of RGW, both analytical and numerical, in the accelerating Universe Ω Λ + Ω m = 1. As a double check, we have also derived an approximation of the spectrum analytically. The results from both calculations are consistent with each other. Discussions are given on the possible detections.
Then I will mention sketchily our analytic calculation of the CMB polarization produced by Thompson scattering in the presence of the RGW. The resulting spectra are quite close to the numerical one computed from the CMBFAST code, and have several improvements over the previous analytic results. Moreover, the formulae bear the explicit dependence on such important processes, as the decoupling, the inflation, the dark energy, the baryons.
RGW in the Accelerating Universe
Consider a spatially flat Universe with the Robertson-Walker metric
where h ij is 3 × 3 symmetric, representing the perturbations, τ is the conformal time. The scalar factor a(τ ) is given for the following various stages. The initial stage (inflationary)
where 1 + β < 0, and τ 1 < 0. The special case of β = −2 is the de Sitter expansion of inflation. The reheating stage
allowing a general reheating epoch. [28, 29] The radiation-dominated stage
The matter-dominated stage
where τ E is the time when the dark energy density ρ Λ is equal to the matter energy density ρ m .
The redshift z E at the time τ E is given by 1 + z E = (
and Ω m ∼ 0.3 are taken, then 1 + z E ∼ 1.33. The accelerating stage (up to the present time
where γ is a parameter. For the de Sitter acceleration with Ω Λ = 1 and Ω m = 0, one has γ = 1.0. We have numerically solved the Friedman equation
with a ′ ≡ da(τ )/dτ , and have found that the expression of (6) gives a good fitting with γ = 1.05 for Ω Λ = 0.7, γ = 1.06 for Ω Λ = 0.65, γ = 1.048 for Ω Λ = 0.75, and γ = 1.042 for
There are ten constants in the above expressions of a(τ ), except β and β s , that are imposed upon as the model parameters. By the continuity conditions of a(τ ) and a(τ ) ′ at the four given joining points τ 1 , τ s , τ 2 , and τ E , one can fix only eight constants. The other two constants can be fixed by the overall normalization of a and by the observed Hubble constant as the expansion rate. Specifically, we put a(τ H ) = l H as the normalization, i.e.
and the constant l H is fixed by the following calculation
To completely fix the joining conditions we need to specify the time instants τ 1 , τ 2 , τ s , and τ E .
From the consideration of physics of the Universe, we take the following specifications [30] − [32] :
, and a(τ s )/a(τ 1 ) = 300. The physical wavelength λ is related to the comoving wave number k by
The wave number corresponding to the present Hubble radius is k H = 2πa(τ H )/l H = 2π.
The gravitational wave field is the tensorial portion of h ij , which is transverse-traceless
, and the wave equation is
For a fixed wave vector k and a fixed polarization state σ = + or ×, the wave equation reduces
Since the equation of h (σ) k (τ ) for each polarization σ is the same, we denote h
and the spectral energy density Ω g (k) of the GW is defined
which is dimensionless.
The initial conditions of RGW are taken to be during the inflationary stage. For a given wave number k, the corresponding wave crossed over the horizon at a time τ i , i.e. when the wave length was equal to the Hubble radius:
condition is taken to be
where the constant A is to be fixed by the CMB anisotropies. The power spectrum for the primordial scalar perturbations is P s (k) ∝ |h(k, τ H )| 2 , and its spectral index n s is defined as
Thus one reads off the relation n s = 2β + 5. The exact de Sitter expansion of β = −2 leads to n s = 1, yielding the so-called the scale-invariant primordial spectrum.
Any calculation of the spectrum of RGW has to fixed the normalization of the amplitude.
One can use the CMB anisotropies to constrain the amplitude, receiving the contributions from both the scalar perturbations and the RGW. The ratio is defined as
the value of which has not been observationally fixed up yet. Here the ratio r is taken as a parameter. This will determine the overall factor A in (15) . Using the observed CMB anisotropies [33, 34] ∆T /T ≃ 0.37 × 10 −5 at l ∼ 2, one has
Then the spectrum h(k, τ H ) at the present time τ H is fixed.
Writing the mode function
For a scale factor of power-law form a(τ ) ∝ τ α , the general exact solution is
where the constant c 1 and c 2 are to determined by continuity of the function µ k (τ ) and the time derivative (µ k (τ )/a(τ )) ′ at the instances joining two consecutive stages. We have analytically solved the equation for the various stages, from the inflationary through the accelerating stage.
The final expressions are lengthy and we do not write down them here. [30] − [32] However, the resulting spectrum will plotted for illustration. Taking the ratio r = 0.37 and γ = 1.05,
we have plotted the exact spectrum h(k, τ H ) in Fig. 1 for three inflationary models with β = −1.8, −1.9, and −2.0, and β s = 0.598, −0.552, and −0.689, respectively. We also plot the spectrum from the numerical calculation in Fig. 2 . And Fig. 3 shows the spectra for β < −2.0. The spectrum h(ν, τ H ) depends on the dark energy Ω Λ through the parameter γ. In Fig.   5 we have plotted the spectra in a narrow range of frequencies. It is seen that the amplitude in the model γ = 1.06 is about ∼ 50% greater than that in the model γ = 1.05. That is, in the accelerating Universe with Ω Λ = 0.65 the amplitude of relic GW is ∼ 50% higher than the one with Ω Λ = 0.7. This difference is probably difficult to detect at present. However, in principle, it does provide a new way to tell the dark energy fraction Ω Λ in the Universe. The numerical spectra h(k, τ H ) in the accelerating universe for β = −1.8, −1.9 and −2.0, respectively. Let us examine the spectral energy density Ω g (ν) and its constraints. Fig. 6 is the the plots of Ω g (ν) defined in Eq. (14) for γ = 1.05. If we use the result LIGO third science run [36, 37] of the energy density bound for the flat spectrum with Ω 0 < 8.4 × 10 −4 in the 69 − 156 Hz band, then the model β = −1.8 is ruled out, but the models β ≤ −1.9 survive. However, this LIGO constraint is not as stringent as the constraint by the so-called nucleosynthesis bound.
[38]
Note that this is bound on the total GW energy density integrated over all frequencies. The integrand function should also have a bound Ω g (ν) < 0.56 ×10 −5 in the interval of frequencies δ(log ν) ≃ 1. By this constraint it is also seen from Fig. 6 that only the model β = −2.0 are still robust.
We have also obtained the following expressions for the analytic approximate spectrum
where the small parameter ǫ ≡ (1+β)(1−γ)/γ. Approximately 
CMB Polarization
At the beginning, I mentioned that the magnetic polarization of CMB gives another way to detect RGW. During the era prior to the decoupling in the early Universe, the Thompson scattering of anisotropic radiation by free electrons can give rise to the linear polarization only, so we only consider the polarized distribution function of photons f = (I l , I r , U) whose components are associated with the Stokes parameters: I = I l + I r and Q = I l − I r . The evolution of the photon distribution function is given by the Boltzmann equation [50] ∂f ∂τ +n i ∂f
wheren i is the unit vector in the direction (θ, φ) of photon propagation, q is the differential optical depth and has the meaning of scattering rate. The scattering term q(f − J) describes the effect of the Thompson scattering by free electrons, and the term − dν dτ ∂f ∂ν reflects the effect of variation of frequency due to the metric perturbations through the Sachs-Wolfe formula
In the presence of perturbations h ij , either scalar or tensorial, the distribution function will be perturbed and can be written as
where f 1 represents the perturbed portion, f 0 (ν) is the usual blackbody distribution. The tensorial type perturbations h ij , representing the RGW, has two independent, + and ×, polarization.
To simplify the Boltzmann equation (25) , for the h ij = h + ǫ + ij polarization, one writes f 1 in the form [8, 13] 
where ζ ∝ I l + I r = I represents the anisotropies of photon distribution, and β ∝ I l − I r = Q represents the polarization of photons. From the Boltzmann equation, upon taking Fourier transformation, retaining only the terms linear in h ij , and performing the integration over dµ, one arrives at a set of two equations for the + polarization, [13, 18, 51] 
where ξ k ≡ ζ k + β k , the over dot " · " denotes d/dτ . For the blackbody spectrum f (ν 0 ) in the Rayleigh-Jeans zone one has
The equations are the same for the × polarization.
In the following we simply omit the sub-index k of wavenumber, the GW polarization notation, + or ×, since both h + and h × are similar in computations. In general, it is difficult to give the exact solution of β and ξ, but once derived, they can be expanded in terms of the Legendre
with the Legendre components
It can be shown that the spectrum for electric type polarization is given by
the spectrum for magnetic type polarization is given by
As Eq. (29) shows, one needs the time derivative ofḣ(τ ) to solve for ξ and β. For both polarization, +, ×, the wave equation of the relic GW has been given in Eq. (12) . The initial condition is taken to be
with the primordial power spectrum
where A T is the amplitude, k 0 = 0.05 Mpc −1 is the pivot wavenumber, and n T is the the tensor spectrum index. Inflationary models generically predicts n T ≈ 0, a nearly scale-invariant spectrum. The resultingḣ(τ d ) is plotted in Fig. 7 .
One solves the ionization equations during the recombination to give the differential optical depth q. Then one obtains the visibility function V (τ ),
which satisfies τ 0 0 V (τ )dτ = 1 and describes the probability that a given photon last scattered at time τ , where the optical depth function κ(τ 0 , τ ) is related to q(τ ) by q(τ ) = −dκ(τ 0 , τ )/dτ .
[52]
− [54] Fig. 8 shows the profile of V (τ ) by the the numerical result from the CMBFAST, which is sharply peaked around the last scattering. In calculation it is usually fitted by a Gaussian form [16] [55]
where τ d is the the decoupling time, and ∆τ d is the thickness of decoupling. The WMAP data [33] gives ∆τ d /τ 0 = 0.00143. Then, taking V (τ d )τ 0 = 279 in (37) yields a fitting shown in Fig. 8 , which has large errors, compared with the numerical one. To improve the fitting of V (τ ), we take the following analytic expressions, consisting of two half-Gaussian functions, [56] 
with ∆τ d1 /τ 0 = 0.00110, ∆τ d2 /τ 0 = 0.00176, and (∆τ d1 + ∆τ d2 )/2 = ∆τ d . Fig. 8 shows that the half-Gaussian model fits the numerical one much better than the Gaussian fitting. This difference will subsequently cause a variation in the polarization spectra.
We now look for an approximate and analytic solution of Eqs. (29) and (30). On smaller scales the photon diffusion will cause some damping in the anisotropy and polarization. Taking care of this effect to the second order of the small parameter 1/q ≪ 1, by some analysis one arrives at the expression for the component of the polarization
where
∆τ d as an approximation. The integration dτ involving V (τ ), which has a factor of the form e −a(τ −τ d ) 2 . As a stochastic quantity, h(τ ) contains generally a mixture of oscillating modes, such as e ikτ and e −ikτ , and so does 2] . Using the formula and V (τ ) in Eq. (38) and (39), the integration is approximated by
and α takes values in the range [0, 2], depending on the phase ofḣ(τ )j l (k(τ − τ 0 )). Here we take α as a parameter. For the Gaussian visibility function one would have
The remaining integrations in β l is 
This number is the outcome from the second order of the tight-coupling limit, differing the first order result in Ref. [55] . Finally one obtains
which contains explicitly the time derivativeḣ(τ d ) of RGW. Substituting this back into Eqs.
(32) and (33) yields the polarization spectra
where "X" denotes "G" or "C" the type of the CMB polarization. For the electric type (46) and for the magnetic type
To completely determine C XX l above, we need the initial amplitudeḣ(τ d ) to be fixed through Eq. (35) by the initial spectrum P h (k) = rP s , associated to the scalar spectrum P s by Eq.
(16). WMAP observation [57] gives the scalar spectrum
with k 0 = 0.05 Mpc The polarization spectrum C CC l of magnetic type, calculated from our analytic formulae (45) and from the numerical CMBFAST, [58] are shown in Fig. 9 . The approximate analytic result is quite close to that of the numerical CMBFAST for the first three peaks that are observable.
The location of the peaks: with the ratio r = 1. The solid line is the numerical result from the CMBFAST. The upper dot line is the result from the half-Gaussian visibility function with α = 1.7, the middle dot line is with α = 2, and the lower dot line is the Gaussian fitting with α = 2. The half-Gaussian fitting is better than the Gaussian one. 
for l ≫ 1. So the peak location of the power spectra are directly determined by
The factor D(k) has a larger damping at larger l, so the first peak of the power spectrum has the highest amplitude. From our analytic solution one hasḣ( , as is shown in Fig. 11 . Besides, a smaller Ω Λ yields a higher amplitude, as seen in Fig. 10 .
The influence of the inflation on C XX l
:
The inflation models determine the ratio r and the amplitude |ḣ(τ d )| in (35), including the spectrum index n T of RGW. A larger r yields a larger |ḣ(τ d )| and a higher polarization. A larger n T yields higher polarization spectra.
The more recent treatments can be found in Refs. [56] , [59] − [62] .
Conclusion and Discussion
Our calculations of RGW have shown that in the low frequency range the peak of spectrum is now located at a frequency ν E ≃ ( , due to the current acceleration, otherwise the shape of spectrum is similar to that in the decelerating models.
The amplitude for the model Ω Λ = 0.65 is ∼ 50% greater than that of the model Ω Λ = 0.7.
The spectrum sensitively depends on the inflationary models, and a larger β yields a flatter spectrum, producing more power. Both the LIGO bound and the nucleosynthesis bound point out that the inflationary model β = −1.8 is ruled out, but the model β = −2.0 is still alive.
Our analytic polarization spectra of CMB has the following improvements.
(i) The analytic result of CMB polarization is quite close to the numerical result from the CMBFAST code. The dependence of polarization on the dark energy and the baryons are analyzed. A smaller Ω Λ yields a higher amplitude and shifts the peaks to large scales. A larger Ω b yields a lower amplitude and shifts the peaks to large scales.
(ii) Our half-Gaussian approximation of the visibility function fits analytically better than the simple Gaussian fitting, and its time integration yields a parameter-dependent damping factor. This improves the spectrum ∼ 30% around the second and third peaks.
(iii) The second order of tight coupling limit reduces the amplitude of spectra by ∼ 58%, comparing with the first order.
(iv) A larger value of the spectrum index n T of RGW and a larger ratio r yield higher polarization spectra.
